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Ghosts 

are dynamical degrees of freedom  


with negative mass -

i.e. kinetic energy unbounded from below
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Questions related to entropy and thermodynamics

Is it possible to screen gravity?

Is it possible to screen the Cosmological Constant or the energy of quantum 
vacuum? 

Can gravitons be massive? (Boulware–Deser ghost, 1972, dRGT etc.)
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Lagrange Stability 

the motion is finite - 
is bounded in phase space -

“Global Stability”

Aleksandr Mikhailovich Lyapunov

Lyapunov Stability 

means that solutions starting  
"close enough" 

(within a distance   from each other) 
remain "close enough" forever 

(within a distance   from it).

δ

ϵ
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For Lagrangian    depending on  acceleration L (q, ·q, ··q) a = ··q

H = P1
·Q1 + P2

·Q2 − L

P1 =
∂L
∂ ·q

−
d
dt

∂L
∂··q

canonical momentum for Q1 = q

P2 =
∂L
∂··q

canonical momentum for Q2 = ·q

H = P1Q2 + P2a (P2, Q1, Q2) − L (Q1, Q2, a (P2, Q1, Q2))
Hamiltonian linear in   - unbounded from above and from below! P1
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Normal Oscillator Interaction Potential
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Coupling Constant

Hamiltonian

Ghosty Oscillator

0 < VI (x, y) λ−1 ≤ 1Interaction is bounded
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y = iỹ , and py = − ip̃y

[y, py] = [ỹ, p̃y] = 1

C = K2 + (p2
x + x2) − (x2 − y2 − 1) VI (x, y)

dC
dt

= 0

 generator for hyperbolic rotations K = pyx + pxy



First Integral and the Power of Imagination 

One can obtain our system via complex canonical 

transformation     

(so that  etc.)  

from a ghost-free integrable system introduced by
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2
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System always evolves in a finite region 

of phase space
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(Lagrange) stable ghosty systems 
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−
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+ VLV(x, y)

VLV =
f(u) − g(v)

u2 + v2

u2 =
1
2 (r2 − c + (r2 − c)2 + 4 c x2)

v2 = −
1
2 (r2 − c − (r2 − c)2 + 4 c x2)

r2 = x2 − y2

Condition for stability: 

 

 and  are 
bounded from below 

 
with  and 

c > 0

f(u) g(v)

f(u) ⩾ F0 |u |ζ > 0
g(v) ⩾ G0 |v |η > 0

ζ > 2 η > 2
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Kolmogorov–Arnold–Moser (KAM) theorem 

Small structural changes 

do not jeopardise 


the stability and finiteness 

of motion



Why have not we seen 

such systems so far in nature?





Thanks a lot for attention! 


