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of the system is completely stable for all initial conditions, notwithstanding that the conserved Hamiltonian

is unbounded from below and above. This is fully supported by numerical computations. Systems with

negative kinetic terms often appear in modern cosmology, quantum gravity, and high energy physics and

are usually deemed as unstable. Our result demonstrates that for mechanical systems this common lore can

be too naive and that living with ghosts can be stable.
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Ghosts

are dynamical degrees of freedom
with negative mass -
i.e. kinetic energy unbounded from below
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Questions related to entropy and thermodynamics
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Lyapunov Stability
Lagrange Stability
means that solutions starting

the motion is finite - "close enough”
is bounded in phase space - (within a distance 6 from each other)
“Global Stability” remain "close enough" forever

(within a distance ¢ from it).
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RELATIVES AU PROBLEME DES ISOPERIMETRES.

PAR

M. OSTROGRADSKY,

Lu le 47 (29) novembre 1848.

Nous développons dans ce mémoire des conséquences importantes, jusqu'a
présent inapergues, dérivant de la forme sous laquelle se présente la va-
riation d'une quantité, qui renferme, avec la variable principale ou indépen-
dante, plusieurs fonctions de cette variable et leurs dérivées des différents
ordres. Pour faciliter le discours, nous appellerons 4 la quantité dont il
s'agit, et nous donnerons le nom de temps a la variable indépendante. La
dernitre dénomination se justifie par ce que cette variable joue dans notre
mémoire 2 peu prés le méme role que le temps dans la Dynamique.

On sait que la variation de la quantité 4 qui dépend du'temps, de
fonctions quelconques du temps et de leurs dérivées, se résout en deux par-
ties distinctes. La premiere est une différentielle exacte, quelles que soient
les fonctions du temps que A renferme, et quelles que soient les variations
de ces fonctions. L'autre 'partie, au contraire, n'est point intégrable, tant que
les fonctions et les variations qu'on vient de nommer, restent arbitraires.
Mais en les assujettissant 3 des conditions convenables, non seulement on
rendrait cette partie intégrable, mais on pourrait la faire disparaitre si on

le jugeait nécessaire. Or, parmi une infinité de maniéres propres & ce der-
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= = ( ) the negative mass A8
— — o224 ~

Z\ 1 4
Cline, Jeon, Moore, (2003) Pl
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Figure 2: The growth of the logarithm of the energy of the observer is depicted
for A = 4, w = 2.3 and vacuum initial data (8) and (9).
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Figure 3: The growth of the logarithm of the energy of the observer is depicted
for A = 2.35, w = 2.3 and vacuum initial data (8) and (9). Here we see that the
instability arises only much later after around a 100 of the periods of oscillation
for the observer.
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Our Stable PRI. Model

Hamiltonian

I N LT 2
H = 5(px T X )_5(]9); +y9) + Vi(x,y)
Normal Oscillator Ghosty Oscillator Interaction Potential

3 Coupling Constant

Vi (x,y) =

\/ :1 +2 (y2+x2) + (y2— x2)2]

Interaction is bounded () < VI (x,y) /1—1 S 1
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C=K"+ (p3+x2) - (xz—yz— 1) V,(x,y)

generator for hyperbolic rotations K = p,.x + p,y
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C=K>+ (p3+x2) — (xz—yz— 1) V,(x,y)

generator for hyperbolic rotations K = p,.x + p,y

Jean-Gaston Darboux

d C FAS MIF FRS FRSE

One can obtain our system via complex canonical

transformation y =iy, and p,= —ip,

(SO that [y ’ Py] — [5} ’ ﬁy] — 1 etC-) Joseph Liouville

FRS FRSE FAS

from a ghost-free integrable system introduced by PURES ET APPLIQUEES, "
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Sur quelques cas particuliers ote les équations di mouvement

d'un point matériel peuvent s'intégrer ;

Par J. LIOUVILLE.

(Mémoire présenté i I'Académie des Sciences le 1¢7 juin 1846.}
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First Integral and the Power of Imagination

C=K*+ (p)%+x2) — (xz—yz— 1) V,(x,y)

generator for hyperbolic rotations K = PyX + Py

Jean-Gaston Darboux
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One can obtain our system via complex canonical

transformation y =iy, and p,= —ip,

(SO that [y ’ Py] — [5} ’ ﬁy] — 1 etC-) Joseph Liouville
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First Integral and the Power of Imagination

C=K>+ (p3+x2) — (xz—yz— 1) V,(x,y)

generator for hyperbolic rotations K = p,.x + p,y

One can obtain our system via complex canonical
transformation y =1y, and p,=—1ip,
(so that [y, py] = [y, p,] = 1 etc.)
from a ghost-free integrable system introduced by

Darboux in 1901
Joseph Liouville 1846

Is there any symmetry behind this conserved quantity C?

Jean-Gaston Darboux
FAS MIF FRS FRSE

Joseph Liouville
FRS FRSE FAS
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Another First Integral: &

E=C—-—H=2X+ (yz—xz) V,(x,y)

where

2 1 1
2 = (pyx +pxy) + > (pf +x2) + E(Pyz +y?)

the interaction part is always bounded

— 2] < (y*=x%) Vi (x,y) < |4]

dsS
—1/2

V; (x,y) =4 [1 + 2 (y2 +x2) + (yz —x2)2]

foralltimes 2 — |[A| < & <X+ | 4]
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Finiteness of motion

at initial point of time 7, X — AL ELZE, + (4]

at any later point in time 7, < & ‘b + [A]

2. is positive definite and
IS confined in a stripe

Za—ZW <2, < Za+2|/1\4
2
Thus the trajectory is confined in a stripe, as for & = (x, Vs Dy py> we have ‘5‘ <2

System always evolves in a finite region
of phase space
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Lyapunov Stability
E=C—H=2+ (yz—xz) V1<x,y)

where

1 1
2(px ) Py +77)

@ at the origin &(0) =0

Aleksandr Mikhailovich Lyapunov

' 2 2 C g . : .
@ for /1 (y — X ) > O thIS fIrSt Integral IS pOSItlve’ The General Problem of the Stability of Motion,
% > O Doctoral dissertation, Kharkov U. 1892

@ for A (y2 - x2) < 0 this first integral

1
%>Z+/1(y2—x2) =K2+5(pf+py2+a)§x2+a)y2y2> > Ofor |[A]| < 1/2

& is a Lyapunov function
so that the system is stable at the origin for |A| < 1/2
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Lv u? + 2

1
u2=5<r2—c+\/(r2—c)2+4cx2>
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New large class of
(Lagrange) stable ghosty systems

Condition for stability:

c >0

©  f(u) and g(v) are
bounded from below

© fu) 2 FO\M|C>O
gw) = Gylv|'>0
with ¢ > 2 andn > 2
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What is the black magic?

Another First Integral

“Energy” “Positive Definite Kinetic Energy” “Potential Energy”

(2u2+c)g(v)+ (2v2—c)f(u)

u> + v?

U (u,v) =



Stable ghost with Polynomial Interaction
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Kolmogorov—Arnold—Moser (KAM) theorem

Small structural changes
do not jeopardise
the stability and finiteness
of motion



Why have not we seen

such systems so far in nature?









