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Summary of talk:

* Introduction to parameterized field theories (PFTs) as generally covariant
versions of non-gravitational theories.

=  (General Relativity via gauging of global symmetries of PFTs:

=  Einstein-Cartan gravity
=  Macdowell-Mansouri gravity

o Extensions to General Relativity via gauging of subset of global symmetries of
PTFs.

. Conclusions




symmetries:
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Newtonian Mechanics:

Sz (T)] = /dT(g” (2@2 _ U@:))

Parameterized Particle Mechanics (PPM):
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General variation of the action:
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symmetries:
1. Reparameterization/diffeomorphism symmetry:

Action is invariant under 2 = 1 = f(1) (with 4 = A at the boundaries).

For infinitesimal changes, this corresponds to the following
transformation of fields:

01 = [,gT 0T = [,gflf (f — E()\)aA)



1. Reparameterization/diffeomorphism symmetry:
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symmetries:

2. Global time shift symmetry:
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So PPM s a bit more general than Newtonian Mechanics but contains its
solutions and it formally has more dynamical symmetries: local
diffeomorphism symmetry and global shift symmetry of the field T (A).

Path integral guantization of PPM gives identical results to standard
quantum mechanics, independent of function f(4) In T = f(A) (see, e.g.,
Henneaux and Bunster).



Parameterized field theory (PFT):

NMetrics:

gNewt — —dT' @ dT

ar

2
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The generalization to higher dimensional manifolds parametrized/coordinatized by
N (AL, A%, AN

gy = —dT @ dT + 6;;dX" ® dX’
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Minkowskl PFT

X! = (T, X
Juv :nIJ(?/J,XI(?VXJ (nIJ — (_1717171))

For example, for a scalar
field:
1
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(General variation of the action:

08 = / d*\ ((65 (V=997 0ad) = V=9U"(8))0¢ — 95(v/=9gT* 1150, X" )X’
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(General variation of the action:
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1
T = (= 59" 0u60,¢ — U(9)) g™ + 060" ¢
symmetries:

1. Spacetime diffeomorphisms:

Action is invariant under A* — A#(1) (with A# = A* at the boundaries)

X' xtyerg, Xt ¢ o+E"0,0 B L — L+ LeL

0S¢ = / d* g (¢°L)




There exist solutions where 9,X* = ¢! and the equations of motion become:
0=0;0"¢—U'(¢)
0=0a,T"

7. Global Poincare transformations:
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De Sitter PFT

s there a PET formulation of field theory in Srp e s
de Sitter space? Consider DS* as a surface
embedded in R4 with Cartesian/inertial

coordinates X
X4 A
L? =napX* X" \t =
(nap = diag(—1,1,1,1,1)) AT
The metric on DS* coordinatized by A*
s then given by: .
Juv — nABa,uXA(?VXB ey o
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1

Sto. X4 w) = [ d‘WTg( - 59" 0,00,6 — U(9) = W(napX " X" - L2>)

symmetries:

1. Spacetime diffeomorphisms:

Just as in the Minkowski case, the ction is invariant under A# — A*(2)
(with A* = A# at the boundaries)

XA S XA+ LXA  po0+Lep WoaWHLWEDL— L+ LeL

0Se = / d*\0s (P L)
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2. Global De sitter group (50(1,4)) transformations:

0XA =JAXE  gAB — _ jAB
0gu = 6(nap0, X0, XB)=0 =) 0dyS=0

o "M / d*Nog(V=gT*P¢,) o= (XBJ"P0sXn)

1

727 = (= 509,000~ U(6) ~ NnanX X7 — 12)g°" + 57 60%

The &, are the Killing vectors of R tangent to DS*
.e. are the killing vectors of DS*.

As in the previous cases, solutions for X4(A*) exist so

that familiar equations of motion for a scalar field in DS*
are recovered.




PETs are non-gravitational field theories which nonetheless have the spacetime
diffeomorphism symmetry closely associated with gravity. This seems like a
promising starting point for including extra structure to incorporate gravitational
dynamics.

For comparison, we will first look at the standard special-relativistic description of
matter fields, see what symmetries are present there, and how this motivated Tom
Kibble's recovery of general relativity as a theory of gauged symmetries.
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Field Theory in Minkowski Space

Sig) = — [ dov/ = 0,00,6 + U(6)

Action is diffeomorphism covariant due to it being built from tensor fields but this
s not generally a symmetry as not all these fields are dynamical.

Qb% ¢+£§gb Nuv %WWJrﬁg??W

Under only
¢ — ¢+ Leg
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OM
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Therefore there /sa symmetry corresponding to diffeomorphisms generated by the
ten Killing vectors of Minkowski space (V¢,&,y = 0) and this implies the

conservation of energy-momentum and conserved guantities associated with
coordinate Lorentz transformations.

555 EC;M — /d4$8a (\/ —nTaﬁfﬁ)

Global Lorentz symmetry:

To write actions for fermions we need to introduce a non-dynamical object e‘[t
called the Minkowski co-tetrad:
_I -J

Npv = NIJE€LEY
e.g. Action for a Weyl fermion, potentially coupled to other gauge fields:

Slx] = i/d% —net'x“ol . Dux"
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S|x] :i/d4az —ne’fxaaéa,Duxa’

Now under an SL(2, C) transformation of the spinor (an ‘internal’ transformation,

coordinates are not change):
1

X — L% (Mg = 5000 (L) 0y L)
el — (A1) el
orS|x] =0

Bosonic fields couple to the Lorentz-invariant n,, hence the Lagrangians of the
standard model have a global Lorentz symmetry alongside the limited
diffeomorphism symmetry.
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Gauging global symmetry

Kibble (1961) proposed promoting the global Lorentz symmetry to a local one.

L% — L% (z) (A", — A j(x))

't is then necessary to introduce a connection/gauge field so that a covariant
derivative can be constructed:

D/Sw)xa — D/.LXCL 4+ W b/,uxb




Hence the action
Sy, w| = i/d4az —ne?xa’aéa,Dl(f)xa,

Possesses a local gauge symmetry under SL(2, C) transformations, though the
metric is still Minkowskian. We are now obliged to introduce, additionally, an action

involving w{/ otherwise its equation of motion from the above action puts artificial
constraints on the fermions.

Additionally, the prior geometry can be removed by promoting e[t to a dynamical

fleld, simultaneously promoting the limited diffeomorphism symmetry to full
diffeomorphism symmetry. Again, an additional action involving e[t should be

introduced so an action such as the above with e‘[t - e[t doesn't produce equations
of motion that artificially constrain the matter.

I _J
Guv = NI1Je€L €Y
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A simple possibility is the following one, which contains derivatives of a)Z/ but at
the lowest order (linear):

1 (87
Sg[eaw] — 6477G/d4 ol 56 JKL% ZRKL B(W)
Jj  _ 1J I KJ
R, =200 ) + 20 g, w7y

~or a combined gravity + matter system S le,w| + Sule,w, x, .. .|

05 0S5 n
5w5J - _&UZLJ = w/{bJ - wlILJ(e’ Je, x)

U

059 _ _05m Finstein's Equations!
oel, oel,
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Einstein-Cartan-Sciama-Kibble case

Spacetime structure:

T
€, — Nuv

Global Lorentz symmetry and limited diffeomorphism symmetry (Killing vectors

of Minkowski space)

Local Lorentz symmetry and limited diffeomorphism symmetry

Local Lorentz symmetry and full diffeomorphism symmetry, and gravitation

A

YV

I
+Ww J

e

I
w

— eﬁ, +S,(e,w)
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PHT case

» Spacetime structure without gravity: X!

o (lobal Poincare symmetry and full diffeomorphism symmetry

+7



Gauging the global symmetries of Minkowski PET

X' = A ()X + Pl(2)

DM X' =9, X" +w' ) X7 +0, =) DX - A ;DP X’

WIJM — AIKWKLM(A_l)LJ — O\ (ATHE

0, — A0 — 9, P'

(Grignani and Nardelli, 'Gravity and the Poincare group’, PRD 1992)
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Einstein-Cartan-Sciama-Kibble case:

1
[Sg[eaw] = 64 /d4375W/aB€IJKL€fL€iRKLa5(w)}

Gauged PFT case:

1
[SQ[X,H,CU] — 647( /d4x5'u1/a5€IJKLD;(LP)XID1(/P)XJRKLOAB(w)}

Though a gauge transformation with P! = =X gives X! = 0 in that gauge and

* 1 176" v
{Sg[eaw] = 647 /d4l’5“ BEIJKLHZLHJRKLaﬁ(w)}

More general actions can be considered (e.g. quadratic in curvature) leading to more
propagating degrees of freedom (Foincare gauge theory), 27




Gauging the global symmetries of De Sitter PFT

The story is very similar in the case of De Sitter PET, with global De Sitter
oroup invariance promoted to a local one:

XA 5 M, ()X P (M4 € SO(1,4))
A A A
D, X% =09,X"+ A%, X"
This gauging doesn't affect the constraint
XAX,—L? =0

and so a useful gauge Is

X4 = L6
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a

SIA,X N = -5 / d'z (”‘BCDEG . G DY

~

— AnapX*XP — L2)>
\ %

(Stelle, West ‘De Sitter Invariance and the Geometry of the Einstein-Cartan theory’

(19/9).)
A %k A AB %k O %61
X4=Loy A= _1, wff;

s iy | R
Sle,w] = / d' e rcpe® (Lz ( ZepREE () — eneepe )
/

.

The gauge fixed action is the action for MacDowell-Mansouri gravity.
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PHT case:

e Spacetime structure:

X /,/v/ \\;\:“ ‘ Q

o (lobal Poincare symmetry or de Sitter symmetry and full diffeomorphism

symmetry

A4

+(w”u, Gi), +5S[X, e, w] (Poincare case)

+AABM, +5|X, A (de Sitter case)

o [ocal Poincare symmetry or de Sitter symmetry and full diffeomorphism
symmetry and gravitation.
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Gauging some of the global symmetries of
Minkowskl PFT (TZ. Urban, Marzola, Koivisto 2018)

What if on/y the global Lorentz symmetry of Minkowski PFET was gauged?
Can something with a General-Relativistic limit emerge?

X' = A ()X
D/(f)XI =0, X' —I—wIJMX‘]

(D/(f)XI — AIJD/S“)XJ) if wy; transforms as a connection

Guv = 1D X DI X
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1 ~UV 2 w w
Syl X, 0] = 5 /d4ﬂf e (ersrr + ;77K[I77J]L)D;(t X DI XTREE g (w)

* Minkowski space solution g,, = n,,, a solution for any value of y. For

example a)i] =0and 9,X" = §,.

* The action for tensor mode perturbations takes a simple form in upper

1
Milne wedge with T = (=X, X"z as a time coordinate:

| 1
Sun 22/de3:m3(— _2Hij[_]w -
Y a

2k

ab 17 19
h*Dy HYDyH;; — EHZ-J-HO

Matches GR fory = +i !



FRW symmetry, parts of w can be eliminated via EOMs to give:

1 1a2+k)+(1+72) 1)

~2 q2 72 a2 N2 T2

Sla(\), T(\)] x / A>T (3(

Matches kinetic structure of GR for y = +i (in the gauge T = A).

The system is PPM! Choosing one of the two special values of y , the
conserved Noether charge associated with the global T(A) - T(1) + C
shift symmetry Is:

33



o Note this differs significantly from Einstein-Cartan gravity where the
corresponding ¥y term in the action (the Holst term) doesn't affect the

propagation speed of gravity waves etc.

« Non-perturbative Hamiltonian analysis of model (Nikjoo and TZ, 2023)

confirms that theory generally is equivalent to pressureless dust
coupled to Ashtekar’s chiral formulation of General Relativity e.g. if T

acts as time coordinate:

4 )

< 0 - 1E;
YT \—LE 1Y il (KF — LEP)
\ %

o (Can this model provide a candidate for some of the dark matter or
'solve’ the problem of time in quantum gravity? Unclear
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Conclusions

PETs are viable generally-covariant alternatives to field theories in
fixed backgrounds.

Gauging their global symmetries leads quite straightforwardly to the
inclusion of the gravitational interaction.

Gauging selected global symmetries can lead to extensions to General
Relativity or alternative formulations of it (for example if only
translations are gauged, then teleparallel theories result).

't is likely that the gauging of PFTs with other global symmetries lead
to further novel extensions to General Relativity.
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